We prove that there does not exist any weak coupling limit in the space of superconformal field theories in five and six dimensions, based on an analysis of the representation theory of the corresponding superconformal algebras. Holographically, this implies that superstring theories on AdS 6 and AdS 7 do not admit tensionless limits. Finally, we discuss the implications of our result on the existence of an action for coincident M5-branes.
Low energy theories on coincident M5-branes play important roles in the study of supersymmetric field theories, holography and M-theory. They provide examples of interacting conformal field theories with maximal supersymmetry with the highest spacetime dimensions, i.e. N = (2, 0) supersymmetry in six dimensions. Their compactification down to lower dimensions generates a plethora of quantum field theories and dualities [1, 2] . The (2, 0) theories also provide some of the first examples of the AdS/CFT correspondence [3] . Recently, they have become powerful tools that elucidate M-theory amplitudes beyond the eleven-dimensional supergravity limit [4, 5] .
Since the low energy action for a single M5-brane was constructed in [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , it has been a longstanding goal to construct a Lorentz-invariant supersymmetric action for multiple coincident M5-branes. Despite tremendous endeavors [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] , such an action has not been successfully constructed. There are various no-go theorems excluding certain forms of the action [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] , but whether such an action exists still remains inconclusive. However, in three dimensions, a similar attempt to construct an action for coincident M2-branes has proven successful. In the low energy limit, the theories are three-dimensional conformal field theories with N = 8 supersymmetry, whose action was constructed in [42] [43] [44] [45] [46] [47] [48] . The action has a family of extensions, parameterized by a positive integer k and describing N M2-branes probing a C 4 /Z k singularity. In the large k limit, the theory becomes weakly coupled. Assuming N > 2, for k > 2, the theory has N = 6 supersymmetry; however, for k = 1, 2, the supersymmetry is enhanced by quantum effects to N = 8.
The supersymmetry enhancement in three dimensions has motivated the search of an action for (2, 0) superconformal field theories in six dimensions, but with only manifest (1, 0) supersymmetry (for example, see [24, 16] ). One may wonder if there exists a sequence of (1, 0) superconformal field theories labeled by a positive integer k, such that for special values of k the theories have enhanced (2, 0) supersymmetry, and in the large k limit the theories become weakly coupled, with the sequence converging to a free theory at infinite k.
1 If such a sequence exists, one can first write down an action for the theories in the weak coupling limit at large k.
2 Then suitable extrapolation of the weakly coupled action to small k may give an action for the (2, 0) theories. We will point out that such a sequence is inconsistent with the representation theory of the corresponding superconformal algebra. This is the key observation of this paper.
1 The low energy limit of M5-branes probing a C 2 /Z k singularity was studied in [49] [50] [51] [52] [53] , but this setup does not lead to a free theory in the k → ∞ limit.
2 Such a perturbative action can be constructed by adding interaction terms order by order in k −1 to the action of the free theory.
Main theorem
Superconformal algebras in various dimensions are famously classified by Nahm [54] . In six dimensions, there is an infinite family of superconformal algebras labeled by a positive integer N , often denoted (N , 0). 3 The unitary superconformal multiplets (unitary irreducible representations of the superconformal algebra) in six dimension are classified in [55, 56] . Many strong constraints on the space of (N , 0) theories can be derived from the representation theory of the superconformal algebra alone. For example, there is no local quantum field theory with (N > 2, 0) supersymmetry because there is no superconformal multiplet that could contain a stress tensor [56] . Unitarity further restricts the space of superconformal field theories to be discrete, since a continuous direction would imply the existence of a supersymmetry-preserving marginal operator, which cannot reside in a unitary superconformal multiplet [57, 58] .
One expects that many more constraints and interesting properties of superconformal field theories can be derived from the knowledge of this complete classification of unitary superconformal multiplets. Here, we present a theorem which directly follows from the classification.
Theorem In the discrete space of superconformal field theories in six dimensions, there does not exist any sequence of theories that converges to a free theory.
The theorem only requires a very weak notion of convergence. The convergence of a sequence of theories to a free theory means that given any positive number ∆, for each operator in the free theory with scaling dimension ∆ < ∆, there exists an operator in each theory in the sequence, such that their scaling dimensions converge to ∆. 4 
Review of superconformal representation theory
To prove this theorem, let us first briefly review the procedure of constructing superconformal multiplets and some important facts about their classification [55, 56] . Superconformal primaries are operators that are annihilated by all superconformal S-supercharges. They form representations of the Lorentz and R-symmetry algebras. A highest-weight state is a superconformal primary that is also annihilated by the raising generators of the Lorentz and R-symmetry algebras. Given a highest weight state, a superconformal multiplet can be con-structed by successive actions of the Poincaré Q-supercharges and the lowering generators of the Lorentz and R-symmetry algebras.
Assuming unit norm for the highest-weight state, the norm of the descendant states are fixed by the scaling dimension, spins, and R-charges of the highest-weight state. In unitary theories, the norm of a state must be positive. Given the spins and R-charges of a generic highest-weight state, the absence of negative and zero norm states gives a lower bound on the scaling dimension ∆, ∆ > ∆ A .
Highest-weight states with scaling dimensions below the unitarity bound (1) generically have negative norm descendants. However, when the scaling dimension ∆ is equal to ∆ A or some special values below ∆ A , the descendant states in the superconformal multiplet have only positive or zero norms. The zero norm states form a smaller representation of the superconformal algebra, and can be consistently decoupled, which makes the original multiplet shorter. The shortened multiplets are referred as short multiplets.
The short multiplets of the six dimensional superconformal algebras are classified into A, B, C, D-types. The A-type short multiplets sit at the lower bound of the continuum of long multiplets (the multiplets without shortening). The B, C, D-type multiplets are isolated from the long multiplets by finite gaps in the scaling dimensions, and are referred as isolated short multiplets. The scaling dimensions of long and short multiplets are depicted in Figure 1 . Consider a long multiplet with scaling dimension ∆ = ∆ A + . In the → 0 limit, the long multiplet decomposes into an A-type short multiplet together with an A, B, C, or D-type short multiplet. The decomposition rules (often called recombination rules) are studied in detail in [55, 56] . The short multiplets that do not participate in the decomposition are called absolutely protected short multiplets, in the sense that they are protected under any deformation that preserves the superconformal symmetry. Of course, all the absolutely protected short multiplets are isolated short multiplets. One key fact that we will use in proving our theorem is the following [55, 56] .
Lemma In six dimensions, all conserved currents (including higher spin conserved currents) are in absolutely protected short multiplets.
Proof of main theorem
Now, we are ready to prove our main theorem. Assume the contrary, that there is a sequence of superconformal field theories that converges to a free theory. If we label the theories in the sequence by positive integers k = 1, 2, 3, · · · , then the k-th theory must contain operators O s converge in the k → ∞ limit to the scaling dimensions of the higher spin conserved currents in the free theory, i.e.
This contradicts the above lemma. Hence, the theorem follows.
Before discussing the implication of our theorem on the existence of actions, we discuss generalizations of our theorem to lower dimensions and applications to the bulk duals.
Generalization to lower dimensions
In five dimensions, all conserved currents are in absolutely protected short multiplets [55, 56] . Hence, our theorem directly extends to five dimensions. There is no analogous statement in dimensions lower than five, since there are higher spin conserved currents in A-type short multiplets, which are not absolutely protected (nor isolated). Indeed, the weak coupling limits in the space of four dimensional N = 1, 2, 4 theories and three dimensional N = 1, · · · , 8 theories are realized by super-Yang-Mills theories and Chern-Simons matter theories, respectively.
There is a refined statement for the case of N = 3 supersymmetry in four dimensions: the genuine N = 3 theories -i.e. N = 3 theories without extra SUSY-current multiplets -do not admit weak coupling limits.
5 If such a weak coupling limit exists, it would be 5 An N = 4 theory viewed as an N = 3 theory always contains extra SUSY-current multiplets, since an N = 4 stress tensor multiplet decomposes in to an N = 3 stress tensor multiplet and a complex conjugate pair of N = 3 extra SUSY-current multiplets. a sequence of genuine N = 3 theories converging to either a genuine N = 3 free theory or an N = 4 free theory. The former can be ruled out by the CPT theorem, since CPT invariant N = 3 free theories must have enhanced N = 4 supersymmetry, and hence fail to be genuine. 6 The later can be ruled out by the fact that extra SUSY-current multiplets are absolutely protected [56] .
Implication for string theory
Under the AdS/CFT correspondence, the higher spin conserved currents are dual to higher spin gauge fields, and the higher spin non-conserved operators correspond to massive higher spin fields in the bulk theory. Our theorem thus implies that there does not exist a massless limit for the massive higher spin fields. If the bulk theory is a string theory, then there does not exist a tensionless limit, since the higher spin string modes become massless in the tensionless limit of the strings.
7 Hence, we arrive at the following corollary.
Corollary Superstring theories on AdS 6 and AdS 7 do not have tensionless limits.
An open problem is to understand this corollary purely from the bulk string theory perspective. On all AdS 6 vacua of massive type IIA supergravity [59] [60] [61] and the recently found AdS 6 vacua of IIB supergravity [62] [63] [64] [65] [66] , the string theories are not weakly coupled, as the dilaton always diverges at certain points on the internal manifold/orbifold. 8 The absence of a tensionless limit may be due to the potentially nontrivial renormalization of the string tension. However, there are AdS 7 vacua of massive type IIA supergravity [67] , where the dilaton is everywhere finite. It would be interesting to understand the obstruction to taking the tensionless limit in these theories.
Towards the non-existence of actions
Suppose that there exists an action for a superconformal field theory in five or six dimensions. Then physical observables can be computed by the path integral
where Φ collectively denotes the fundamental fields used in the construction of the action functional S[Φ]. 9 There can be gauge transformations acting on the fundamental fields, 6 We thank Himanshu Raj for pointing this out. 7 We thank Babak Haghighat for a discussion on this point. 8 We thank Martin Fluder for a discussion on this point. 9 We allow the possibility that the action S[Φ] is non-local.
under which the action functional is invariant up to possible 2π shifts. By introducing a positive integer k into the path integral
one generates a sequence of theories. 10 In general, the parameter k flows under renormalization.
11 Nevertheless, to proceed, we assume that k does not flow, so that the path integral (4) defines a sequence of superconformal field theories.
In the large k limit, the path integral can be evaluated by a saddle point approximation. More precisely, by expanding around the saddle point of the path integral, the action takes the form as a quadratic kinetic term plus interaction terms that are suppressed by 1/k.
12
In general, the quadratic kinetic term may have higher derivatives. For example, the most general quadratic kinetic term for a scalar field σ is
where = ∂ µ ∂ µ . When δ = 0, the theory is a unitary free theory. When δ is a positive integer, the theory is a non-unitary free theory, since the scaling dimension of the scalar σ violates the unitarity bound. The stress tensor of this theory can be constructed from a bilinear of the scalar field σ, which takes the schematic form
For other values of δ, the theory does not have a stress tensor, since the construction (7) gives a non-local operator. In other words, the scalar field σ is a generalized free field. Our theorem forbids the sequence (4) to converge to the theory of the action (6) with δ = 0. One can run similar arguments for the quadratic kinetic terms that consist of fermions, vector 10 Without loss of generality, we assume the parameter k cannot be absorbed by a field redefinition. If otherwise, the action functional would be a homogeneous function and can be written as
where r is a constant mode and Φ denotes the fundamental fields that are independent of r. One obtains a new action by integrating out the constant mode r. 11 For example, consider SU(N c ) Yang-Mills theory in four dimensions coupled to Dirac fermions in the fundamental representation of the gauge group. When the flavor number N f is in the conformal window, the theory flows to the Caswell-Banks-Zaks fixed point with Yang-Mills coupling g YM = g * determined by the N c and N f [68, 69] . Along the renormalization group flow, the path integral of this theory can be written in the form (4) with the overall coupling k = g 2 * /g 2 YM . 12 We assume that the dominate saddle point Φ * of the action S[Φ] is non-degenerate, i.e. S [Φ * ] = 0. 13 The explicit formulae for δ = 1 and 2 can be found in [70] .
fields, or tensor fields. Our theorem implies that the sequence (4) can only converge in the k → ∞ limit to a non-unitary free theory or a theory of generalized free fields.
If the sequence converges to a non-unitary free theory, then there must exist a positive integer k 0 such that the theories defined by the path integral (4) with k > k 0 are nonunitary.
14 In particular, this implies that the classical theory is non-unitary, but the theory with k = 1 (which can be viewed as the classical theory under quantum corrections) is unitary. We find this rather unlikely.
If the sequence converges to a theory of generalized free fields, then in the k → ∞ limit, the stress tensor must decouple, or equivalently the conformal central charge C T must diverge. This typically happens in the large N limit of some matrix-like or vector-like models, where the number of fundamental fields diverges in the N → ∞ limit. 15 However, the number of fundamental fields in the path integral (4) does not increase with k. Hence, it is unlikely that the sequence of the path integrals (4) really converges to a theory of generalized free fields.
The infrared fixed point is achieved by sending g → ∞. In the N → ∞ limit, after integrating out φ i , the auxiliary field σ becomes a generalized free field with C T = 3N/2 and the kinetic term
